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Abstract 
Using approximations in the Hausdorff metric, we prove that any continuum in W” is the set 
of limits at infinity of a real-analytic curve. This is then used to solve a problem concerning the 
characterization of the Nash fibre and the tangent cone of Whitney stratified sets at an isolated 
singularity: we show that every continuum (in the appropriate Grassmannian or sphere) can be 
realized as such. 
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1. Introduction and main results 
The purpose of this paper is twofold. First, using approximations in the Hausdorff 
metric, we prove that any continuum (nonempty connected compact set) in IR” is the 
set of limits at infinity of a real-analytic curve. Secondly, we apply this result to solve 
a problem concerning the characterization of the Nash fibre and the tangent cone of 
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Whitney stratified sets at an isolated singularity: we show that every continuum (in 
the appropriate Grassmannian or sphere) can be realized as such. Our first result is as 
follows. 
Main Lemma. Let C be a continuum in JR N. There exists a real-analytic curve h : 
R, + RN such that 
(1) ~h’(t)~<lforalltE!R+, 
(2) C is equal to o(h) = {limi__+co h(ti):{ti)pl E IR+,t~~~,li~~~i+,h(t~) 
exists), i.e., the set of w-limits of h. 
Such a curve will be called a slow scribble of C. 
We remark that if the image of a continuous curve h is bounded, then w(h) is a 
continuum and hence the above result yields a complete characterization of w-limits of 
curves with bounded image. 
The notion of C” Whitney stratified set was introduced by Thorn [ 141 and Mather 
[ 91 abstracting some of the C’ invariant structure of the “regular” stratifications of real- 
and complex-analytic varieties constructed by Whitney [ 161. Stratified Morse theory 
[4] requires further restrictions on limiting tangent planes near singular points. This 
leads to questions about the sets of such limits, called Nash fibres, at points of Whitney 
stratified sets. In [ 121, Nash fibres of C” Whitney stratified surfaces with isolated 
singularities (and with connected germs) in KY3 are studied. It is shown there that any 
“starlike” continuum of P21w (Z G2.3) is the Nash fibre at an isolated singularity of 
such a surface. The construction is done by gluing tumuli [7] on a plane. The question 
of whether any continuum can be obtained in this way remained open. In the present 
paper, using different methods, we answer this question positively. We generalize the 
statement from [ 121 in four respects: type of continua, dimension, codimension and 
differentiability class of the variety. Our main result is the following. 
Main Theorem. Let n 2 2 and d < n - 1 be positive integers. Let K be any continuum 
in the real Grassmannian manifold Gn_d,n. There exists a subset S of an open ball 
B( 0, r) in R” satisfying the following four conditions: 
(Sl ) S is a C” submanifold of codimension d in B( 0, r) - {0}, 
(S2) the closure of S in B(0, r) equals S U {0}, 
(S3) the germ of S at 0 is connected, i.e., there is a fundamental system of neigh- 
bourhoods of 0 in R”, whose intersections with S are connected; in fact the triple 
(B(O,r),S,{O}) will be isotopic to (B(O,r), (WnPd x (0)) fIB(O,r),{O}), 
(S4) the partition 3 = (0) U S is a Whitney stratification of 3. Here this means that 
the stratification is Whitney (b)-regular, i.e., if xi is a sequence of points of S tending 
to 0 such that the tangent (n - d)-planes T,,S tend to T in Gn_d,,, and the secant lines 
(Oxi) tend to a line A in P”-‘ , then A is contained in T, 
and such that the Nashfibre of 3 at 0 equals K. 
Recall that the Nash fibre No is defined as the set of all possible limits of tangent 
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planes to sequences of points of S converging to 0: 
179 
and remark that if S satisfies conditions (Sl)-(S4), then No is a continuum in Gn_d,“. 
In particular (S3) implies that NO is connected. 
The main ingredient of the proof is the Main Lemma, proved in Section 2. A contin- 
uum in Gn_d,n is lifted to a Stiefel manifold (Section 3), where this lemma is applied 
and produces equations for our subvariety (Section 4). Finally, we examine some refine- 
ments and other applications of the methods used here (Section 5)) including a method 
to construct a variety with prescribed tangent cone. 
Section 2 can be read independently from the rest of the paper and the result obtained 
may be useful elsewhere. 
Our Main Theorem shows in particular how different Cm stratified sets are from sub- 
analytic sets, where the Nash fibre is subanalytic - see e.g. [ 1,151. Examples illustrating 
other differences have been given in [3,10,11,13] and recently [8]. It was in the spirit 
of understanding such differences that the study of this problem began, when the second 
author was much encouraged by L? Dfing Trang and Bernard Teissier whom we wish 
to thank also for comments on this work. The first author would also like to thank his 
thesis adviser, Jean-Paul Brasselet, for his valuable remarks. 
2. Scribbling a continuum analytically 
This section is devoted to the proof of the Main Lemma. Our main tool will be the 
Hausdorff metric on the set of compact subsets of lR N. Below, we recall its definition 
and bring together some basic properties essential in the sequel. 
Definition 2.1. Given a compact subset C c RN and a point x E RN, define dist(x, C) = 
inf,,c Ix - YI. G iven another compact set C’ c RN define 
d(C, C’) = max 
{ 
supdist(x, C’), sup dist(y, C) 
1 
. 
XEC YEC’ 
It is well known that d is a metric on the space of compact subsets of RN, called the 
Hausdorfs metric - see [ 2,6], for example. 
This metric verifies the following properties: 
Property Hl. A sequence of compact sets Ci converges to a compact set C in the 
Hausdorf metric if and only if the following two conditions are satisjied: 
( 1) For any x E C there exists a sequence {xi}pl , with xi E Ci such that xi B X. 
(2) Any sequence {xi}pl , with xi E Ci, has accumulation points and all such belong 
to c. 
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Property H2. If f, g : [a, b] --f RN are continuous curves, then 
d(f([u,b]),g([a,b])) < ~~f-&d[~,bl =,;;Pb,If(t)-d~)t. 
Property H3. Let f : [a, 61 + IF@’ be a continuous curve. Given E > 0, let 5 E] a, b[ be 
suchthutforullt~ [a,[] wehuveIf(t)-f(a)]<&. Thend(f([5,b]),f([u,b]))< 
2E. 
The proofs of Properties HI and H2 are straightforward exercises in point-set topology. 
Note that Property Hl defines a topology on the space of compact subsets of IW”’ without 
reference to any metric. Remark also that the inequality in Property H2 may be strict. 
To prove Property H3 define g : [a, b] -+ RN as the map which coincides with f on 
[ 5, b] and is constant and equals f (5) on [a, (1. Then apply Property H2 to finish the 
proof. 
Lemma 2.2. Let h : R+ + RN be a continuous curve, such that w(h) = C is compact 
and nonempty. Then for any sequence st --+ cx), the sequence h (St) has accumulation 
points and they all belong to C. 
Proof. That all accumulation points belong to C follows directly from the fact that 
w(h) = C. We shall therefore show that they exist. If this were not the case we would 
be able to choose sequences 0 < qt < t-1 < q2 < r2 < . . . tending to infinity, such that 
dist(h(qi),C) + oc and dist(h(ri),C) + 0. The intermediate value theorem yields 
the existence of a sequence &i E [ qi, ri] such that dist( h( .$i>, C) + 1. In particular the 
sequence h(ti) is bounded and so one may choose a convergent subsequence, the limit 
of which does not belong to C. This contradicts the assumption that w(h) = C. q 
We now characterize w-limits in terms of Hausdorff convergence. 
Lemma 2.3. Let h : I!%+ 4 lRN be a continuous curve, and let C be a nonempty compact 
subset of lRN. Then w(h) = C if and only if there exists a sequence of real numbers 
0 = CO < ~1 < ~2 < . . . with limi,oo ci = +oo, such that h( [ct, ct+l] ) -C. 
Proof. The “if’ part follows from Property Hl. To prove “only if’, we define the 
sequence {ci}z by induction. Set CO = 0. Given 0 = cc < ... < ci-1, define ci 
as follows. Choose points XI,. , xi, E C such that the open balls {B(x:, l/i)}& 
cover C. For each j = l,... ,s; choose t$ > Ci-1 such that h(ti) E B(xj,l/i). Set 
Ci = max{ ti , . . . ,tf,,Ci-1 + 1) (SO as to have ti E [Ci-l,ci] and ci=OO). 
Given x E C, there exists a sequence {xk}p, E C tending to x as i 4 w. Then 
h( ti, ) also tends to x as i + CQ. This implies Property Hl ( 1) . Property Hl(2) follows 
from Lemma 2.2. 0 
We are now in a position to prove the Main Lemma. 
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Proof of the Main Lemma. Choose a point xa E C. After a translation we may suppose 
x0 = 0. 
Claim 1. For any E > 0 there exists a continuous curve f : [0, l] ----f RN, such that 
f(O)=Oandd(f([O,l]),C)<e. 
Proof. Cover C by a finite number of open balls {B(xi,c)}~&, with xi E C. Add a 
“redundant” ball B(xo, e) with xa = 0. Consider the equivalence relation N defined 
on the set of indices I = (0,. . . ,n} by: i N j iff there exists a sequence of indices 
i = &it,. . . , ik = j such that B(xi,, E) f~ B(x~,+, , e) # 8 for 1 = 0,. . . , k - 1. In other 
words i N j means that xi can be joined to xj by a piecewise linear arc consisting of 
segments with ends in centres of “adjacent” balls of our covering. 
First, we show that this relation is trivial, i.e., 0 N i for all i E I. It is easy to see 
that the set C n UjNo B( xj 9 E) is open and closed in C and hence equal to C. Thus, for 
any i E I, Xi belongs to B (xj, E) for some i N 0. In particular i N j and the assertion 
follows. 
The triviality of N implies the existence of a piecewise linear arc as above, beginning 
in xa and passing through all the xi. Now we can take f : [0, l] + RN to be any 
continuous parametrization of that arc. Indeed, all xi are in the image of f and hence 
dist(x, f ([0, 11)) < m&t,...,, Ix - xi/ < E for all x E C. Moreover, any point y E 
f ( [ 0, 1 ] ) lies on a segment xlxrf, with B(xt,e) rl B(xtt,e) $8 and so ]y - xl] < E or 
] y - XI! 1 < E. Hence dist( y, C) < E. This shows that d( f ( [ 0, 1 ] ) , C) < e as required. 
Claim 2. There exists a sequence of polynomial maps gi = (g,’ , . . . , g,“) E (R [ X] ) N, 
i=O,1,2,... such that gi(0) = 0 and gi( [O,l]) -C. 
Proof. Fix i, set E = l/ (3.2’) and choose f as in Claim 1. Apply the Stone-Weierstrass 
approximation theorem to find a polynomial map ii such that ~up,~,~,, , 1 f(t) - gi( t) I < 
l/( 3 . 2’). Set gi = gi - gi(O). Then obviously gi(0) = 0. Notice also that I&(O) I = 
I&(O) - f(O)\ < l/(3.2’) an d we can apply Property H2 to find d(gi( [O,l]),C> < 
l/2’ which ends the proof. 
Claim 3. Treat the gi from Claim 2 as their natural complexijcations. Then there exist 
sequences of positive reals {ai}% and {bi}s such that the series 
converges 1ocalZy uniformly in the domain D = { [Imz I < I} c Cc and h = Hlw, is a 
slow scribble of C. 
Proof. Before presenting the rather technical proof, we briefly explain the idea. The ai 
will be small and will slow down the curves gi (e-‘) . The bi will converge very fast 
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to infinity so that locally (close to bi) one of the terms of the series will dominate the 
others. This will imply convergence and that w(h) = C. 
Fori=0,1,2,... set ai = 1/(2if’llg~lltc,~)). This will be used later. Now we proceed 
to define the bi and the ci as in Lemma 2.3. Observe that in D, lemz21 < el-(Rez)Z, 
so that le-zZI --t 0 uniformly as IRez 1 + co. This and the fact that gi(O) = 0 enables 
us to choose, for each j = 0, 1,2,. . . a real Sj > 0 such that for any i = 0,. . . , j, 
z E D and IRez I 2 Sj imply lgi(e-01Zz2) I 6 1/2’+j. We may assume that 0 < So < 
St < 82 < ’ . . and Sj ““, 00. Define CO = 0, ci = 2 cfz 61 for i = 1,2,. . . and 
bi = ci + Si for i = 0, 1,2,. . . . Then, in particular, the sequence ci is increasing and 
tends to infinity as required for Lemma 2.3. Let us now show that for each k = 0, 1,. . . 
our series converges uniformly on the set {Re z < ckft }. To simplify formulae denote 
Ci(z) ~g~(e@(~-~i)*). Then: 
k-l 
H(Z) = CGi(z) + Gk(Z) + 2 Gj(Z). 
i=O j=kfl 
WehaveRez <ck+l <cj=bj-6jforallj=k+l,k+2,....HenceRe(z-bj) <-sj 
and so IGj( z ) 1 6 1/2*j for j = k + 1, k + 2, . . . which implies convergence. 
Now we shall prove h( [Ck, ck+ll ) dC. Suppose ck < Rez < ck+t. For Rez < 
ck+l we have just seen: 
j=k+l j=k+ 1 
Simihuly (for k > 1) Re z 2 ck = bk_1 + &_I > bi i- &_I for all i = 0, . . . , k - 1 , SO 
k-l k-l 
~IGiW “+& < &. 
i=O 
Hence, for all z E D such that ck < Rez < ckfl we have Ih(z) - Ck(Z)I < l/2k-3. 
Applying this to real t E [ck,ck+l] gives (for k 2 0) jlh - GkIl[ct,ct+l] < 1/zkp3. SO, 
by Property H2 
d(h([Ck,Ck+ll),Gkt[Ck,Ck+ll)) < & (2.1) 
But 
Gk([ck,ck+l]) = Gk([bk--ak,bk+akl) =gk([e-a’6’,11). (2.2) 
The choice of the ak implies that for any t E [O, e-@: I, I&(t) 1 < 1/22k. SO, by 
Property H3 
d &?k([e 
( 
-“~6~,~l),~k(1-~~~l)) < & 
In conjunction with (2.1) and (2.2) this gives: 
d(h([Ck,Ck+ll),gk([0,11)) < &. 
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Hence from the choice of the gk (cf. Claim 2) we have indeed h( [ Ck, ck+l ] ) - C. 
To verify that h also satisfies condition (1) of the Main Lemma we compute 
the last equality resulting from the definition of ai. Hence, for all t E IR, 
lh’O>l < 2 IG;W < g & = 1. 
i=O 
This finishes Claim 3 and the proof of the Main Lemma. 0 
3. Continua in Grassmannians and Stiefel manifolds 
Write Gd,” for the Grassmannian of d-planes and Vd,n (respectively c,n) for the 
Stiefel manifold of d-frames (respectively orthonormal d-frames) in R”. There are 
natural maps: 
KFn 
@, compact submanifold 
’ Vd,n 
I? open submanifold 
’ uwd 
1P Js 
G,,_d,,, “= - Gd,n 
The maps p and r associate to a d-frame the d-plane it generates. They are fibrations 
in O(d) and GL(d) respectively. The map e is the canonical isomorphism, which 
associates to a d-plane in R” the orthogonal (n - d) -plane. 
Remark 3.1. Let K be a continuum in Gd,,,. Then p-’ (K) has at most two connected 
components and the image of each of them by p is K. 
Proof. If p-’ (K) had more than two connected components, it could be partitioned into 
three pairwise disjoint sets - open and closed in p-t (K). The projection p being both 
open and closed ( c,ln is compact) the image by p of each of those sets would equal K. 
But this is impossible because every fibre of p has only two connected components. 
Now any one of the two (hence finitely many) connected components of p-t (K) 
is open and closed. As above, its image by p is K. This finishes the proof of the 
remark. 0 
We need the following technical 
Lemma 3.2. Let (~1,. . . , ud) be an orthononnal d-frame in &!“. Then if (WI,. . . , wd) 
is another d-tuple of vectors such that Iwj - Ujl < l/a for j = 1,. . . , d, then 
{WI,..., wd} are linearly independent. 
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Proof. We shall make use of the inequality 
which is readily proved using the observation 
2 
applied to pj = 1 Ail. NOW we have 
with a strict inequality in (*) every time at least one Aj is nonzero. This proves linear 
independence. q 
Lemma 3.3. Now, let K be a continuum in G,,_d,,,. There exists an analytic curve 
h : R+ + Vd,n C (Rn)d with h = (hl, . . . , hd) such that 
(1) for all t E R+, dist(h(t), V&> < l/(2&), 
(2) for all t E R+, /h’(t)1 < 1, 
(3) w(h) + 8 and w(h) c V&, 
(4) w(po?ro h) = K. 
Such a curve shall also be called a slow scribble of K. 
Proof. Let C be a connected component of p-’ (e-‘(K)). Via the inclusion P o @ 
treat C as a continuum in (iRn)d and take h to be any slow scribble (in the sense of 
the Main Lemma) of C. Then, by Lemma 2.3, there is a positive real A4 such that 
dist(%(t),C) < l/(2& for all t 2 M. Set h(t) =x(1-M). Then dist(h(t),Vz,) < 
dist(h(t),C) < l/(2&) f or all t E R+ as required by condition ( 1) . From Lemma 
3.2 it follows that {h,(t), . . , , hd(t)} are linearly independent vectors in (I[$n)d and so 
h(t) E Vd,,. Conditions (2) and (3) are automatically satisfied. To prove condition (4), 
first notice that 
o(poroh) > por(o(h)) =po?r(C) = K 
the last equality resulting from Remark 3.1. The opposite inclusion follows from the 
compactness of Vin by a subsequence choosing argument. q 
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4. The main construction 
We shall keep the notation of the preceding section. The Main Theorem of the 
Introduction follows from the following more precise 
Theorem 4.1. Let K c Gn_d,n be a continuum, h : IR+ --+ (lR”)d its slow scribble as in 
Lemma3.3.DejineF=(F~,...,F~):~“-{O}+l[$d,by 
for each j = 1,. . . , d. Set S = F-‘(O) Cl (I3 (0, emd) - (0)). Then S verifies conditions 
(S 1) -( S4) of the Introduction and the Nash jibre of S at 0 is precisely the set K. (To 
be precise, this is so for d # n - 1. If d = n - 1 one takes S to be one of the two 
connected components of the zero set of E) 
Remark. To see the geometry behind the equations suppose 1x1 = e-“. Then the 
equation Fj ( X) = 0 becomes (hj( t) , X) = 0. This means that S is the union of the 
spheres SSn-d-’ of radius e-” lying in the (n - d) -plane orthogonal to each hj( t) 9 
j= l,...,d. 
The above remark explains in particular why d = n - 1 is a special case. Note that for 
n = 2, d = 1, and h(t) = (cos( t) , sin(t) ) our construction produces the Rapid Spiral of 
Thorn. 
Proof of Theorem 4.1. To verify that S is a C” submanifold of dimension n - d in 
B (0, eed) - { 0 } it suffices to notice that each Fj is of class C” (evident) and to show 
that for each x E S, f is a submersion at X. We calculate the gradient: 
gradFj(X) = hj (dm) - 2d& (h; (m) 5 i) fi. (4.1) 
We have 1x1 < eed and so 1/(2dm) < l/(2@). Moreover, by Lemma 3.3(2), 
IhS(dw[)I < 1, hence IgradFj(X) - hj(Jw)I < l/(2&). NOW Lemma 
3.3 ( 1) implies in particular that there exists a d-frame (~1, . . . , Ud) (depending on X) , 
such that Ihj( dw) - Ujl < l/(24) for j = 1,. . . ,d. Then lgradFj(x) - Ujl < 
l/d. Thus, by Lemma 3.2, {gradFt(x),. . . , grad Fd (x) } are linearly independent and 
so F is a submersion (everywhere!). We have thus shown (Sl). 
Conditions (S2) and (S3) follow easily from the above geometric interpretation (see 
Section 5 for the isotopy), hence we proceed to prove (S4) and ~%a = K. To simplify 
formulae denote 
GradF(x) = (gradFt(x),...,gradFd(n)). 
First notice that if x is a point in S, then 
T,S=qorr(GradF(x)). 
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Now, if a sequence of points {xi}r, E S tends to 0, then one sees from (4.1), Lemma 
3.3(Z) and the fact that dwe 00 that: 
(1) The accumulation points of the sequence {Grad F(xi)}g, are the same as those 
of the sequence {h( ~~)}~i. 
(2) In particular (by Lemmas 3.3( 3) and 2.1) such accumulation points always exist 
and belong to Vdn. 
Now suppose {_xi}pl is a sequence of points as in (S4). Then by (2), after choosing 
a subsequence one may suppose that the sequence {GradF(xj)}lyl converges to some 
orthonormal d-frame u = (~1,. . . , Ud). By continuity of the mappings considered in the 
commutative diagram of the preceding section one has T = p o p(u). Hence to show 
A c T is equivalent to showing that 
forj=l,..., d. So let’s calculate: 
= 
i 
lim 
i6+ce 
lim 
i-00 
lim 
i-+00 ( 
lim gradF’(xi) 
i-+m > 
ih+n& hi (&-6Zi)) 
“j(dw))=O 
(by the definition of S all terms in the last sequence are 0). This proves (S4). 
To prove n/o C K, take a sequence of points {_ri}pi as in the definition of A60 and 
again suppose that the sequence {Grad F( Xi)}r, converges. Then 
lim Txi = 
i-%0 
lim gorr(GradF(xi)) =eorr 
i--o0 
lim(GradF(x;) 
i-+m > 
=eorr(~~h(~~))=~~eon(h(~~)) 
Eo(eon-oh)=K 
using Lemma 3.3(4) at the end. 
To prove K C NO, take T to be any point in K. By Lemma 3.3(4) choose a sequence 
of positive reals { t;}Ei, limi,, ti = co such that T = limi-, e o rr o h(ti). Choose a 
sequence of points {xi)pi on S with jxij = e-‘f. This is possible, because of the remark 
after Theorem 4.1. We have as in the proof of the preceding inclusion: 
lim TX, =LEporr(h(d%&$) =~~eo~(h(ti)) =T 
i+m 
and hence T E No. This finishes the proof that Nc = K and of the theorem. 0 
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5. Extensions and refinements 
Several of the results presented in this paper can be strengthened or generalized. For 
the sake of simplicity we avoided doing this in the preceding sections, merely sketching 
some of the main ideas below. 
5.1. Generalized scribble 
In the Main Lemma, RN can be replaced by an arbitrary real-analytic manifold X and 
h can be chosen to be an immersion (injective for dim X > 2). The proof (which is a 
little less straightforward) can be done as follows. 
Endow X with a Riemannian metric. Claim 1 of the proof carries over with segments 
replaced, by broken C” curves with length strictly smaller than 2~. At the end of Claim 
1, instead of taking just a continuous parametrization, one takes a smooth one (whose 
derivatives vanish in the vertices of the arc) that traces the arc from xc, through all 
the xi and back to x0. Glue such parametrizations to form a “smooth slow scribble”. 
Approximate it by an analytic one in the strong Whitney topology using Grauert’s 
theorem [ 51, the approximations getting better as one approaches infinity. A small 
perturbation of the latter gives the desired injective immersion. 
5.2. lsotopy 
There is a homeomorphism of B(0, eAd) onto itself, fixing 0 and mapping (Wed x 
(0)) n B onto 3, isotopic to the identity. 
Consider the fibration V$_d,n -+ Gn-d,n. R+ being contractible, one can lift the 
mapping Q o r o h : k?+ ---) Gd,n to a continuous mapping 
h= (Fz,(t,... ,&,_d(t)) : R+ ---f v;_&, c (btn)n-d. 
Let y(t) = (rl(t),. . . , yn (t) ) be the Gram-Schmidt orthonormalization of the basis 
(J&(t),... ,hn_d(t),hl(t),...,hd(t)).ktA(t) bethe(orthogona1) basechangema- 
trix such that A(t)ej = rj(t), where (et,. . . , e,) is the canonical basis of Iw”. Then the 
mapping 
preserves the distance of points from the origin and is a homeomorphism of B(0, edd> 
onto itself with inverse x -+ (A ( dw)) -’ x. Furthermore 
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y E &Y-d x (0) * (y,ej)=O,j=n-d+l,..., n 
_ (A (&&$I) Y,A (&&@ ej) ~0, 
j=n-d+l,...,n 
t----r. (A (GGFI) YvYj (GGFI)) ~0, 
j=n-d+l,...,n 
_ (A (Jw) Y9hj (GGN)) =O, 
j= l,...,d 
_ A(~) 
where the penultimate equivalence follows from the fact that 
Vect (hi (t) , . . .,?& (t)) _L Vect (hl (t) ,. .., hd (t)) . 
We leave to the reader to prove that the homeomorphism constructed is isotopic to 
the identity (using the fact that all the matrices considered are in the same connected 
component of O(d) > .
5.3. Global equations 
One can construct the whole submanifold 3 as in the Main Theorem as a zero set of 
functions Ft , . . . ,Fd EC” (B(O,r)) nc* (B(O,r) - (0)). 
This is done similarly to the proof of Theorem 4.1 with the following changes: (a) 
The slow scribble h is constructed so that all its derivatives are bounded (possibly by 
different constants). This can be done via an appropriate choice of the ai in Claim 3 of 
the proof of the Main Lemma. (b) One defines Fj(x) = c-1’lx12F’(X). Then one proves 
by induction that every partial derivative of order k of Fj is of the form 
where R is a polynomial in the coordinates of x and in the derivatives of the components 
of hj, with coefficients which are rational functions in 1x1 and dw. Elementary 
calculus shows that Fj is of the desired class (all derivatives at 0 vanish). 
5.4. Tangent cone 
Similar methods allow one to construct a stratified set with prescribed tangent cone 
(set of limits of secant half lines) at an isolated singularity. 
If h is a slow scribble of a continuum K c S”-’ c R”, then the equation 
(n,h (dm)) = 1x1 (1 - (-10glXl)-“3) 
defines a hypersurface S verifying ( S 1) -( S4), whose tangent cone at 0 is K. This can 
be thought of as the boundary of a “tubular neighbourhood” of a rapid spiral. Manifolds 
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of bigger codimension can be cut out of such a hypersurface. One can do this, for 
example by using a slow scribble not of K but of one of its connected components in 
the fibration Vf, --) P-’ and intersecting with the hyperplanes orthogonal to each (but 
the first) component of h at each point. 
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